Abstract. We construct symmetric numerical semigroups S for every minimal number of generators µ(S) and multiplicity m(S), 2 ≤ µ(S) ≤ m(S) − 1. Furthermore we show that the set of their defining congruence is minimally generated by µ(S)(µ(S) − 1)/2 − 1 elements.
Introduction
A numerical semigroup is a subset S of N closed under addition, containing the identity element of N and which generates Z as a group (here N and Z denote the set of nonnegative integers and the set of integers, respectively). From this definition we obtain (see [1] and [7] ) the following two results:
• The set N\S is finite. We refer to the greatest integer not belonging to S as the Frobenius number of S and denote it by C(S).
• The semigroup S has a unique minimal system of generators {n 0 < n 1 < . . . < n p }. We refer to the numbers n 0 and p + 1 as the multiplicity and the embedding dimension of S respectively. We denote them by m(S) and µ(S), respectively. Let F = {a 0 X 0 + . . . + a p X p | a 0 , . . . , a p ∈ N} be the free monoid generated by {X 0 , . . . , X p } and ϕ : F → S be the monoid epimorphism defined by ϕ(a 0 X 0 + . . . + a p X p ) = a 0 n 0 + . . . + a p n p .
It is known (see [7] ) that if σ is the kernel congruence of ϕ, which is defined by x σ y if and only if ϕ(x) = ϕ(y), then S is isomorphic to the quotient monoid F/σ. Rédei proves in [6] that the congruence σ is finitely generated and therefore there exists
such that σ is the smallest congruence on F which contains ρ. The set ρ is called a presentation for the numerical semigroup S. We say that a presentation is minimal if there is not any proper subset of ρ generating σ. In [8] it is shown that the concepts of minimal presentation and presentation with the lowest cardinality coincide for a numerical semigroup.
We say that a numerical semigroup S is symmetric if every integer z ∈ S verifies that C(S) − z ∈ S. It is known (see [9] ) that if m(S) ≥ 3 and S is symmetric, then µ(S) ≤ m(S) − 1. Our principal aim in this paper is to prove that if m and e are nonnegative integers such that 2 ≤ e ≤ m − 1, then there exists a symmetric semigroup S with m(S) = m and µ(S) = e. The proof that we give is constructive, thus we can obtain a family of symmetric semigroups with arbitrary multiplicity and embedding dimension. Furthermore, we show that if µ(S) ≥ 3, then the cardinality of any minimal presentation for all semigroups in this family is equal to
From our point of view, this is an interesting result for two reasons. The first one is that determining from m all the possible cardinals of minimal presentations for numerical semigroups with multiplicity m is an open problem. From [10] it is deduced that the cardinality of a minimal presentation for a numerical semigroup with multiplicity equal to 5 can be 1, 2, 3, 5, 6 or 10. In [11] it is shown that if e ∈ {2, . . . , m}, then there exists a numerical semigroup with multiplicity m and with the cardinality of its minimal presentations equal to e(e − 1)/2. With the results of this work we can assert that if e ∈ {2, . . . , m − 1} there exists a numerical semigroup, which is symmetric, has multiplicity m and the cardinality of its minimal presentations is equal to e(e − 1)/2 − 1. The second one is that in [2] , Bresinsky gives a family of numerical semigroups with embedding dimension equal to 4 and with the cardinality of its minimal presentations arbitrarily large. This proves that the cardinality of a minimal presentation for a numerical semigroup cannot be bounded as a function of its embedding dimension. Bresinsky also proves in [3] that the cardinality of a minimal presentation for a symmetric numerical semigroup with embedding dimension 4 can only be 3 or 5. This makes us speculate about the possibility that the cardinality of a minimal presentation for a symmetric numerical semigroup can be bounded in a function of its embedding dimension and a candidate for it is
Hence, if this conjecture is true, the family of symmetric numerical semigroups presented in this work is very interesting because the bound is reached by this family. In concluding this introduction, note that although this work is performed from a semigroupist point of view, it can be used in Ring Theory. If K is a field, K[S] is the finite type K-algebra associated to S and
ni is an S-graduated ring homomorphism with degree zero. Therefore, the prime ideal P = Kernel(λ) (called the ideal associated to the semigroup) is homogeneous and defines a monomial curve in the (p + 1)-dimensional affine space on K. Herzog in [4] proved that finding a system of generators for P is equivalent to finding a presentation for S. Finally, Kunz in [5] proved that K[S] is Gorenstein if and only if S is symmetric.
Two families of symmetric numerical semigroups
Let S be a numerical semigroup and n ∈ S\{0}. Denote by 0 = w(1) < w(2) < . . . < w(n) the smallest elements of S in respective congruences class mod n. We denote by Ap(S, n) (the Apéry set of n in S) the set {0 = w(1) < w(2) < . . . < w(n)}. It is known (see [9] ) that w(n) = C(S) + n and that S is symmetric if and only if For showing that S is symmetric we use the characterization given before this Lemma. We need to prove that for all w ∈ Ap(S, m) there exists w ∈ Ap(S, m) such that w + w = (2q + 1)m + 2q + 1.
• For i ∈ {0, 1, . . . , m − 1 − 2q − 2} we have that (qm + 2q + 2 + i) + (qm + m − 1 − i) = (2q + 1)m + 2q + 1.
• For k ∈ {1, 2, . . . , q} we obtain
Finally since C(S) + m = maximum(Ap (S, m) ), we deduce that C(S) = 2qm + 2q + 1.
Example 2.
We take m = 12 and q = 3. Then we have that the submonoid of (N, +) generated by {12, 13, 44, 45, 46, 47} is a symmetric numerical semigroup with multiplicity 12, embedding dimension 6 and Frobenius number 79. • For k ∈ {0, 1, . . . , q},
Finally, since C(S)+ m = maximum(Ap(S, m)), we obtain that C(S) = 2(q + 1)m − 1.
Example 4.
Let m = 15 and q = 4. Thus we obtain the submonoid of (N, +) generated by {15, 16, 81, 82, 83, 84}. Using Lemma 3, we know that it is a symmetric numerical semigroup with multiplicity 15, embedding dimension 6 and Frobenius number 149.
Theorem 5. Let m and e be nonnegative integers such that 2 ≤ e ≤ m − 1.
There exists a symmetric numerical semigroup with multiplicity m and embedding dimension e.
Proof. If e = 2, then S = m, m + 1 is a symmetric numerical semigroup with multiplicity m and embedding dimension 2 (it is a known fact that all the numerical semigroups with embedding dimension equal to 2 are symmetric). Thus, in the sequel, we shall suppose e ≥ 3. We distinguish two cases: We finish this paper by proving that if S is a numerical semigroup obtained from Lemma 1 or Lemma 3, then the cardinality of a minimal presentation for S is equal to µ(S)(µ(S) − 1) 2 − 1.
Before proving that, we need to introduce some concepts and results. If S is a numerical semigroup with a minimal system of generators {n 0 < . . . < n p } and s ∈ S, then there exists (a 0 , . . . , a p ) ∈ N p+1 such that s = a 0 n 0 +. . .+a p n p .
We say that an element s has a unique expression if (a 0 , . . . , a p ) is unique. We denote it by Ap(S, n 0 ) = {s ∈ S | s − n 0 ∈ S}.
In [11] it is given a method for obtaining a minimal presentation for a numerical semigroup fulfilling the condition that all the elements of Ap(S, n 0 ) have a unique expression. The process is as follows: Denote by
with respect to the usual order of N p (note that by Dickson's Lemma this set is finite). For every i ∈ {1, . . . , t} we define
For every i ∈ {1, . . . , t}, we define
. . , t} and thus
In [11] the following result is proved. y 1 ) , . . . , (x t , y t )} is a minimal presentation for S. Now, we can to compute the cardinality of the minimal presentations for the semigroups obtained from Lemma 1 and Lemma 3. Proof.
Theorem 6. Let the hypothesis be as above. Then
where [x] denotes the integer part of x. Note that all the elements, except the maximum of Ap(S, n 0 ), have a unique expression. In [9] , it is proved that in this setting S = S ∪ {C(S)} is a numerical semigroup with a minimal system of generators
furthermore, if ρ and ρ are minimal presentations for S and S respectively, then #ρ = #ρ + p + 2 (where #A denotes the cardinality of the set A).
Using the above remark we can assert that
Clearly, all the elements of Ap(S , n 0 ) have a unique expression. Applying Theorem 6, we deduce that a minimal presentation for S is
where if (x, y) ∈ ρ , ϕ(x) = ϕ(y) and y is of the form
with a 0 = 0. In particular, we have that #ρ = (p + 1)(p + 2) 2 .
Since #ρ = #ρ + p + 2, we have that
Proposition 8. Under the hypothesis of Lemma 3. Then the cardinality of a minimal presentation for the semigroup S generated by
Proof.
Ap(S, n 0 ) = {0 < n 1 < 2n 1 < . . . < (q + 1)n 1 < n 2 < . . . < n p < n p + n 1 < n p + 2n 1 < . . . < n p + qn 1 < n p + (q + 1)n 1 = n 2 + n p−1
All the elements of Ap(S, n 0 ), except the maximum, have a unique expression. Thus the numerical semigroup S = S ∪ {C(S)} has a minimalsystem of generators {n 0 < n 1 < . . . < n p < n p+1 = C(S)}; furthermore 
